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ABSTRACT: The modified Gaussian model for the freely jointed chain is applied to several simple models for poly-
mer networks. The formulation is mathematically simpler than the inverse Langevin approximation used previously
and gives quantitatively similar results for linear extension experiments. Solvent swelling is also considered and cor-

rections to the statistical theory derived.

I. Introduction

The phenomenon of rubber elasticity can be understond
qualitatively and, to a large extent, quantitatively in terms of
the so-called statistical theory developed by Kuhn, Flory,
Wall, James and Guth, and Treloar.! The statistical theory
assumes that the elastic resorting force of the network results
from the entropy change in a set of independent, Gaussian
chains which undergo affine deformation as the sample is
subjected to external stress. The statistical theory is both
conceptually and mathematically simple and quantitative
comparisons with experiment are remarkably successful,
particularly at small deformations.

Attempts at improving the statistical theory fall into two
broad categories: (1) better treatment of the statistics of the
individual chains,?3 since the Gaussian assumption is known
to fail for short chains and large deformations; (2) more real-
istic treatment of the network including such problems as
nonaffine deformation of junctions, effects of entanglements,
and intermolecular obstructions, and so on.* The second
category contains much harder problems than the first and
will not be treated in this paper. The two categories are linked,
however. Because of the mathematical complexity of the
network problem the statistics of the individual chains in the
network must have a relatively simple mathematical form.
This constraint precludes the use of realistic chain models
such as the rotational isomeric model. The purpose of this
paper is to show that the modified Gaussian model developed
by Fixman and Kovac5 can be used to incorporate the effects
of non-Gaussian chain statistics into the problem of rubber
elasticity in a mathematically tractable way. Only the simplest
network models are used for purposes of illustration, but it
should be possible to apply the modified Gaussian model to
more complicated networks.

The theory described in this paper was developed to provide
a simple non-Gaussian network model to be used in under-
standing the first-order structure of bituminous coal.® Some
of the formulas developed in the following sections are being
applied to data on the solvent swelling and mechanical de-
formation of coals to provide estimates of the degree of
cross-linking.”

In section II the modified Gaussian model will be sketched.
In section III the relationship between force and extension will
be derived for a freely jointed chain and related to a chain
entropy. Section IV presents results for simple network
models and compares them to results obtained from the sta-
tistical or Gaussian model and the inverse Langevin approx-
imation for the freely jointed chain. Throughout this paper
the statistical theory will be referred to as the Gaussian model
to contrast it with the modified Gaussian theory being de-
veloped. This usage is imprecise since theories have been de-
veloped which incorporate assumptions other than those used
in the statistical theory (e.g., nonaffine deformation) but still
retain Gaussian statistics for the individual chains. Section
V considers the swelling of non-Gaussian networks. The paper
concludes with a brief discussion.
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II. Modified Gaussian Model

In this section the development of the modified Gaussian
model is reviewed briefly and the essential equations pre-
sented. For a detailed presentation the reader is referred to
the original paper.®

The polymer chain is assumed to contain N + 1 identical
backbone atoms connected by N bond vectors b;,i =1,2,...,
N. The true backbone potential V is a function of {b} and is
expressed in units such that kT = 1. The chain is subjected
to an equilibrium force f acting on the end-to-end vector R,

N

R=3 b (1)
i=1
The exact distribution function of the set {b} is
Yv(f) = exp(R+f — V)/Zv(f) (2)
Zy(f) = f exp(R-f — V) d{b} (3)

In the presence of f the mean end-to-end vector (R )¢ does not
vanish and is calculated

(R)s = f Ryvy(f) dib} (4)
=d In Zy(f)/df (5)

The idea of the modified Gaussian model is that the exact
distribution function can be expanded in a series of Her-
mite-like polynomials orthogonal with respect to a weight
function e ~& where

g=-R-f+G() (6)

and G(f) is a quadratic form in the bond vectors b;. The
quadratic form G(f) is chosen so as to make the first approx-
imation for v, that is,

Yv = ¥g = exp(—g)/Zg(f) (M
Zc = § exp(—g) dib} (8)

as good as possible. The condition on G is that the coefficients
in the Hermite expansion be made to vanish. For the first
coefficient this translates into the condition

(b;b;)g = (b;b;)v (9

where ()¢ and ()v refer to averages over the distribution
functions Y and v, respectively. For the freely rotating chain
(fixed bond lengths, fixed bond angles) eq 9 gives the two
conditions

(bit)g = (b2yv =12 (10)
(b; + biz1)c = (b - bjz1)v =12cos 8 (1)

where [ is the fixed bond length and 6 the supplement of the
bond angle. G(f) is chosen to be

N-1 N
G(f) =Yoal=3 3 |b; — bit1|2 + RBI71 3 |b;|2 (12)
i=1 i=1
and the constraint eq 10 and 11 are used to determine o and
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8 which are taken to be functions of the external force. The
probability distribution, ¥, retains a Gaussian form but the
force constants are allowed to depend on f such that the bond
length and bond angle remain constant (on the average).
Physically 8 represents a bond stretching force constant and
« represents the bond angle force constant.

The partition function Zg can be easily evaluated from the
eigenvalues of the quadratic form eq 12. The parameters « and
8 are evaluated from equations

d1ln Zg/o8 = =Nl (13)
d1lnZg/da = —(N — 1)I71 (1 — cos 6), (14)

and (R)¢is given by
(R);=01nZg/of = NIf3~! (15)

In the general case of the freely rotating chain eq 13 and 14
yield a pair of coupled transcendental equations for a and 8.
In the special case of the freely jointed chain o = 0 and the
equation for 8 reduces to an algebraic equation which can be
solved to give

8= %11 + (1 + 4£212/9)1/2] (16)

This is the only case that will be considered in this paper. One
can, however, solve the problem in another special case, the
wormlike chain of Porod and Kratky,® where the coupled
equations reduce to a single transcendental equation which
can easily be solved numerically. Calculations for the wormlike
chain are included in the original paper.5

II1. Stress-Strain Relationship and Chain Entropy

Equations 15 and 16 can be combined to yield the equation
for chain extension as a function of force

(R)r = 2NIA[1 + (1 + 472(2/9)1/2] -1 (17)

This equation gives the average value of the end-to-end vector
in the presence of a constant force. Because of fluctuations the
instantaneous value of R may differ from the average soeq 17
is a well-defined equation of state only when the fluctuations
are small (as pointed out by Wang and Guth3). This will be
strictly true only for infinite chains. We will assume that it
makes sense to invert eq 17 to obtain f in terms of (R )¢ for any
N. Since (R)¢is along f, eq 17 can be converted to a simpler
scalar equation and inverted to obtain

fl=38R(1 - R?"! (18)
where
f=|fl and R = | (R)¢ /NI (19)

The force f can be assumed to be obtained from the chain
entropy (T AS) by differentiation

f=-3TAS/oR orf= —0TAS/3R (20)

so TAS can be obtained by integration of the stress—strain
relationship

R
TAS = - j; £(R’) - dR’ + constant (21)

Using eq 18 in eq 21 and performing the integration
TAS = 3N In (1 — R2) + constant (22)

For small extensions (R « 1) the entropy reduces to that ob-
tained from a Gaussian distribution of the end-to-end dis-
tance.

The advantage of eq 18 and 22 over the inverse Langevin
approximation for the force—extension relationship for the
freely jointed chain! is that the functional form is simpler and
can be manipulated more easily in network calculations. The
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numerical difference between eq 18 and the exact force-ex-
tension relationship for the freely jointed chain is small.? The
fourth moment of the modified Gaussian distribution is also
given fairly accurately.

IV. Simple Network Models

In this section the single-chain entropy eq 22 will be applied
to two simple network models, the three-chain model of James
and Guth!® and the integral calculation of network entropy
used by Treloar.2 For the simple three-chain model a general
expression for the network entropy can be obtained and ap-
plied to the special case of linear extension at constant volume.
The integral calculation is made only for the case of linear
extension of the network.

Three-Chain Model. In this model it is assumed that the
random cross-linked network can be represented by three
independent sets of equivalent chains directed along each of
the coordinate axes. The total network entropy is then writ-
ten

TASnet = TASx + TASy + TAS; (23)

where TAS; is the entropy of the equivalent chains directed
along the i axis. Suppose the network contains M chains. It
is then assumed that M/3 chains are directed along each axis.
Using eq 22 for the entropy of a single chain we have

TAS pet = %4 [% (In(1-X2)

+In(1-Y)+1In(1 —72))] (24)

where X, Y, and Z are the reduced extensions of the chains
along the axes defined analogously to R.

In the unstrained state each of the equivalent chains is as-
sumed to have its equilibrium end-to-end distance and the
deformations are assumed to be affine. We can then write for

XY7Z
X = M(R2)o12
Y = Ao (R2),1/2 (25)

7 = >\3(§2>01/2
where (R2); is the equilibrium mean square end-to-end dis-
tance for the freely jointed chain given by
(R%)o = (ND"XR?), (26)
(R%)o = NI? (27)
and ); is the fractional extension along the ith axis. Equation
25 is the affine deformation assumption used in the statistical

theory. Using eq 25, 26, and 27 in eq 24 one obtains for the
network entropy

TASpet = TeNM In [1 — N7\ 2 4+ A2 + A52)
+ N_Q()\12>\22 + >\12>\32 + >\22)\32) el N_3(>\]>\2>\3)] (28)

Using eq 28 it is easy to derive stress—strain relationships
for various types of experiments. As an example we will con-
sider linear extension at constant volume. Suppose the net-
work is stretched along the X axis by a factor A, that is,

AM=A (29)
The constant volume condition implies
AMAoAy =1 (30)
50

Ag = A3 = A"1/2 (31)
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Table I
Numerical Results for Elastic Force in Linear Extension
Computed Using Various Models of a Network Where the
Individual Chains are of Length N = 25

f/M (in units of £T)
Inverse Langevin®  Modified Gaussian
Series 3-chain
A Gaussian exp  Numerical model® Integral®

1.0 4] 0 0 0 0
1.1 0.27 0.28 0.28 0.32 0.29
1.3 0.71 0.74 0.74 0.84 0.76
1.5 1.06 1.11 1.11 1.26 1.14
2.0 1.75 1.88 1.88 2.21 1.97
2.5 2.34 2.61 2.61 3.27 2.81
3.0 2.89 3.41 3.41 4.70 4,16
3.5 3.42 4.33 4.33 6.94 5.06
4.0 3.94 5.48 5.80 11.28 7.22
4.5 4.45 6.96 8.40 24.05 10.59
5.0 4.96 8.97 © © @

@ Taken from Treloar ref 1 and 2. ® Computed from eq 32.
¢ Computed from eq 39.

Using eq 29 and 31 in eq 28 the force can be calculated as

f=—0TAS/dx = M[(A2 = (1/A%) + N~1(1 — \73)]
X[1=N"IN\2+(2/A)) + N72(2x + (1/A%)) — N73]71 (32)

Expanding in powers of N~1 it is easy to see that eq 32 reduces
to the usual Gaussian results for long chains and small ex-
tensions. Numerical results for the case N = 25 are collected
in Table I and compared to the Gaussian approximation, re-
sults obtained by Treloar for the inverse Langevin approxi-
mation for the freely jointed chain, and results obtained in the
remainder of this section.

Integral Calculation of Network Entropy. Suppose the
network contains M chains with entropy given by eq 22. In the
unstrained state each chain has the same vector length o and
the chains have random direction. If the network is extended
in one dimension by a factor A and the chains are assumed to
deform affinely then the change in entropy from the un-
strained to the strained state is

TAS =T { AS(r)f(r)dr (33)

where f(r) dr is the number of chain vectors in the range r to
r + dr. Treloar? has calculated f(r) for the case of linear ex-
tension at constant volume,

M r
f(r) = TeyE i -
r0(>\2 - A 1)1 r2- ,.02)\ 1)1/2
For the inverse Langevin approximation for the freely
jointed chain the integral eq 33 must either be done numeri-
cally or term-by-term in a series expansion in N~1.2 Using eq
22 for the free energy the integral can be done analytically to
all orders in N~1. The network entropy is then

3INM
2ro(A2 — A"1)1/2

(34)

TAS =

roA r
e — -2
X J:Ox_m T (L rEND T dr (35)

3NML

= m/—é ‘hl (1 - r02>\2L—2)r0L—1()\2 _ )\_1)1/2
0 —_

+ (1 — ro2(AL%)71)

1+ rOL—lo\z — >\—1)1/2(1 - ,.OZ(AL2)—1)—1/2]
x1 [1 — roL =1(AZ = A"H)1/2(1 — ro2(AL2)~1)~1/2 } (36)

where
L = NI (37)

Macromolecules

Substituting
ro= N2 (38)

and expanding in powers of N~1it is easy but a bit tedious to
show that eq 37 gives the correct Gaussian free energy to
lowest order in N—L,

The stress-strain relationship is obtained by differentiating
eq 36 with respect to A and using eq 38. The rather compli-
cated result is

f_ 3 [g A+ A (1 - (NN)TY i]

M 1-xN-1 |4 (A2 = x71) e
X [(1 + N"1/2(A2 - >\—1)1/2(1 — (1/N)\))1/2 — (NA)~)H-1
+ (1= N7V2(\2 = \=1H)1/2(1 — (1/NA)1/2 - (NM~1-1]
L BNV - (/N2

2)\2()\2 _ )\—1)1/2
= AD2(1 = (1I/NA)Y2 = (NA)-1)-1

+ (1 4+ N~2(\2 = \~1H1/2(1 - (1/NA))V/2 = (NA~1H-1

3N32(2\ + A~2)(1 — (1/N\)1/2

4(\2 — >\—1)1/2
SN2
AN2(\2 = \"1)12(] — (1/N>\))1/2]
! |:1 + N—1/2()\2 —_ >\—1)1/2(1 - (l/N)\))l/Z _ (N)\)—l
1 - N—1/2(>\2 - )\—1)1/2(1 - (1/N)\))1/2 — (NM)-1
Numerical results for chains of length N = 25 obtained using
eq 39 are also collected in Table 1. Results obtained by Treloar
using the same f(r) but the inverse Langevin approximation
for the single-chain entropy are also given both in the series
expansion approximation and the numerical (graphical) in-
tegration of the exact distribution.

The agreement between the various results collected in
Table I is rather good. At small extensions all the models
agree. At high extensions the three-chain modified Gaussian
model shows a much steeper rise in the f vs. A curve than the

other models. Both the modified Gaussian results show a finite
extensibility of the network.

[(1 - N—I/Q(p

] (39)

V. Solvent Swelling

As mentioned in the introduction the original motivation
for this work was the investigation of non-Gaussian effects in
the solvent swelling of coals. Therefore, we will develop an
equation for the swelling of the three-chain model introduced
in the previous section. The derivation follows that given by
Treloar.!

The free energy of dilution of a polymer system can be de-
scribed by the Flory-Huggins equation

AGl = RT{ln (1 - Uz) + U9 + XUQZ} (40)

where N is the chain length, v is the volume fraction of
polymer, and x is the Flory solubility parameter. For isotropic
swelling

AM=A=A3= A (41)
and the free energy of the elastic network is
AG,=-TAS =
— 3%pRTNM_ . !1ln [1 _3 A2 4+ 3 A= 1 AG] (42)
N N? N§

where we have explicitly included the factor of kT and writ-
ten

M/Ng = p/M, (43)

where p is the density, M. is the chain molecular weight, and
N, is Avagadro’s number. The free energy of dilution of the
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network is given
AG1e = 0AG/on, (44)

where n is the mole fraction of solvent and can be calculated
with aid of the substitution

UQ_l =1+ n1V1 (45)

where V1 is the molar volume of the solvent.

dAG, [ 2 1 ]
= oRT UBM 11— =0y~ 28 4+ —,2/8
m - PRTVIvE NV T NE
3 _ 3 _ 1 Y
X[l—*‘vg 2/3+ﬁ1)2 4/3——31)2 ] (46)

The total free energy of the system is the sum of eq 46 and 40.
At equilibrium AG = 0, this condition yields the following
equation relating ve, M., and N

In(1 =03 +vs
+ xv22 + pVival/8M 1 1+zv ‘2/3+Lv2/3
XU2 pViv2 ¢ Nz N2 2

3 3 1 -1
223y 2, 43, - =
X[l NU2 +N202 Nsvg ] 0 (47)
The deviations from the Gaussian theory can best be seen by
expanding in powers of N~1, This task is straightforward
yielding
In (1 bl U2) + vg + )(1)22 + pV1021/3MC‘1
+ N~ Vg~ 1/BM "1+ O(N~2) =0 (48)
The term proportional to N1 is the first correction to the
statistical theory. Further corrections can easily be obtained
but are probably unjustified since the Flory-Huggins equation
describing the polymer—solvent interactions only contains

terms to order N~1. Equation 48 is currently being used to
interpret data on coal swelling.”

VI. Discussion

The purpose of this paper has been to show that the modi-
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fied Gaussian model can be used to incorporate non-Gaussian
effects into the theory of rubber elasticity in a mathematically
tractable way. The modified Gaussian treatment of the freely
jointed chain gives a simpler functional form for the chain
entropy than the conventional treatment. This allows the
calculation of the network entropy analytically to all orders
in N~!as in eq 33. The calculations in this paper have followed
the approach of the simple statistical theory in which the
contributions of individual independent chains are summed.
It should be possible to apply the ideas sketched in section II
to an entire network. This should avoid the problem of fluc-
tuations and allow a more accurate treatment of the net-
work.

The modified Gaussian model of the wormlike chain has not
been considered in this paper because the equation deter-
mining the parameter 3 is trancendental and hence not ana-
lytically invertible. This problem might be avoided in an ap-
plication of the modified technique to the entire network.
These problems are being investigated.
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ABSTRACT: A light-scattering study of the intramolecular scattering function of a regular star-branched and a
comb polymer is described. Angular and wavelength dependence of scattering was used to cover a wide range of u
values. The random-coil model for these branched polymers satisfactorily describes the observed scattering func-

tions.

When light is scattered from one macromolecule in dilute
solution, different parts of the light beam may have traveled
slightly different distances when they hit the light detector.
As aresult destructive interference can occur, and the inten-
sity of the scattered light will vary depending on the size of the
scattering molecule and the magnitude of the scattering vector
|hi.

q

4
|h| =T7fsin§ (1)
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where X’ is the wavelength in the medium and 6 the scattering
angle.

At zero scattering angle there is no interference. The vari-
ation of the ratio of the scattered light intensity, I, to the ex-
trapolated zero angle scattered light intensity, /9=, is called
the intramolecular particle scattering function, P(u), where
u = h?(82%), and (S?), is the z-average mean-square radius
of gyration.

Pu) = (I/I4=0)c=0 (2)
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